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Detailed balance and projectability conditions are two main assumptions when Horava recently 
formulated his theory of quantum gravity - the Horava-Lifshitz (HL) theory. While the latter 
represents an important ingredient, the former often believed needs to be abandoned, in order to 
obtain an ultraviolet stable scalar field, among other things. In this paper, because of several 
attractive features of this condition, we revisit it, and show that the scalar field can be stabilized, 
if the detailed balance condition is allowed to be softly broken. Although this is done explicitly in 
the non-relativistic general covariant setup of Horava-Melby- Thompson with an arbitrary coupling 
constant A, generalized lately by da Silva, it is also true in other versions of the HL theory. With 
the detailed balance condition softly breaking, the number of independent coupling constants can 
be still significantly reduced. It is remarkable to note that, unlike other setups, in this da Silva 
generalization, there exists a master equation for the linear perturbations of the scalar field in the 
flat Friedmann-Robertson- Walker background. 

PACS numbers: 04.60.-m; 98.80.Cq; 98.80.-k; 98.80.Bp 



I. INTRODUCTION 

With the perspective that Lorentz symmetry may ap- 
pear as an emergent symmetry at low energies, but can 
be fundamentally absent at high energies, Horava con- 
sidered a gravitational system whose scaling at short dis- 
tances exhibits a strong anisotropy between space and 
time [l|, 



(1.1) 



In ((i+l)-dimensions, in order for the theory to be power- 
counting renormalizable, the critical exponent z needs to 
be z > d [I]- At long distances, all the high-order cur- 
vature terms are negligible, and the linear terms become 
dominant. Then, the theory is expected to flow to the 
relativistic fixed point z = 1, whereby the Lorentz invari- 
ance is "accidentally restored." 

The special role of time can be realized with the 
Arnowitt-Deser-Misner decomposition 

- g^j {dx' + N'dt) {dx^ + N^dt) , 

(z,j = 1,2,3). (1.2) 



ds' 



-N^c^dt^ 



Under the rescaling (|l.ll) with z = d — 3, a. condition 
we shall assume in the rest of this paper, N, A^* and gij 
scale, respectively, as. 



N ^ N, N' ^ r^N' 



9ij grj- 



(1.3) 



The gauge symmetry of the system now is reduced to 
the foliation-preserving diffcomorphisms DifF(M, F), 



i=t-f{t), = x'-C{t,^), 



(1.4) 
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under which, N, and gij change as, 



SN = C'^VfcA^- 



-C''WkN,+g,k('' + NJ + Nj, 
Nf + Nf, (1.5) 



where / = df/dt, V; denotes the covariant derivative 
with respect to the 3-metric gij, Ni = gikN*' , and 
5gij = gij{t,x'') — gij{t,x^), etc. Eq. (|1.5p shows clearly 
that the lapse function N and the shift vector N"^ play the 
role of gauge fields of the Diff(M, F) symmetry. There- 
fore, it is natural to assume that N and inherit the 
same dependence on spacetime as the corresponding gen- 
erators, while the dynamical variables gij in general de- 
pend on both time and spatial coordinates, i.e., 

N = N{t), m = N,{t,x), g,j = g,,{t,x). (1.6) 

This is often referred to as the projectability condition, 
and clearly preserved by the Diff(Af, F). It should 
be noted that, although this condition is not necessary, 
breaking it often leads to inconsistence theories A]. 

Abandoning the Lorentz symmetry, on the other hand, 
gives rise to a proliferation of independently coupling 
constants, which could potentially limit the prediction 
powers of the theory. Inspired by condensed matter sys- 
tems [^] , Horava assumed that the gravitational potential 
Cv can be obtained from a superpotential Wg via the re- 
lations, 

CvAetaUed = w'' £,,0'^'^' Ekl, (1.7) 

where w is a coupHng constant, and Q'^J'^'- denotes the 
generalized De Witt metric, defined as Q^^'^'- = [g^^g^^ -\- 
with A being another coupling con- 



gilg3^)/2 



stant. The 3-tensor Eij is obtained from Wg by 

^gij 



(1- 
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In (3+l)-diniensional spacetimes, Wg is given by ^, 



Wg = / c^3(r), (1.9) 



where a;3(r) denotes the gravitational Chern-Simons 
term, 



W3(r) = Tr(^r A dr + -r A r A r 



(1.10) 



Despite of many remarkable features of the theory 
[lo| . it is plagued with three major problems: ghost, 
strong coupling and instability. Although they are dif- 
ferent one from another, their origins are all the same: 
because of the breaking of the Lorentz symmetry. 



^ a-p _ x), {n = 0, 1, 2, 3). 



(1.11) 



In particular, due to such a breaking, the kinetic part of 
the gravitational field in general takes the form, 



where the extrinsic curvature Kij is defined as. 



(1.12) 



(1.13) 



The coupling constant A is subjected to radiative correc- 
tions, and its values are expected to be different at differ- 
ent energy scales. This is different from Lorentz-invariant 
theories, where A = 1 is protected by the Lorentz sym- 
metry (jl.lip even in the quantum level. Then, consid- 
ering linear perturbations, one can show that the ki- 
netic part of the gravitational sector is proportional to 
(A - 1)/(3A - 1) [il, [TMil. Thus, to avoid the ghost 
problem, A has to be either A > 1 or A < 1/3. It is 
still an open question how A runs from its ultraviolet 
(UV) fixed point to its relativistic one, Xm = 1. To an- 
swer this question, one way is to study the correspond- 
ing renormalization group (RG) flows. However, since 
the problem is so much mathematically involved, the RG 
fiows have not been explicitly worked out, yet, although 
some preliminary work has been already initiated 0, ITsI . 

Strong coupling problem is also closely related to the 
fact that A is generically different from one, though man- 
ifests itself in a different manner [l^. It appears in the 
self-interaction of the gravitational sector (as well as in 
the interactions of gravity with matter fields). In the 
framework of linear perturbations, it can be shown that 
some coupling coefficients of third-order actions are in- 
versely proportional to the powers of (A — 1) [l7l - l2TI |. 
As the order increases, the powers in terms of 1/(A — 1) 
also increase Q. Then, when A runs from its UV fixed 



point to its relativistic one, the coupling coefficients be- 
come larger and larger. When energy is greater than the 
strong coupling energy scale. Age (A), the coefficients be- 
come much bigger than unit, and the theory enters the 
strong coupling regime. Typically, one can show that 
Asc — Mpi\X — 1|'^/'*, where Mpi is the Planck mass. 
Together with other observational constraints, it implies 
|A — 1| ~ 10~^* [2l|. Clearly, this gives rise to the is- 
sue of fine-tuning. To solve this problem, two different 
approaches have been proposed. One is the Blas-Pujolas- 
Sibiryakov (BPS) mechanism [l3], in which an effective 
energy scale is introduced. By properly choosing the 
coupling constants involved in the theory, BPS showed 
that can be lower than Asc- As a result, the per- 
turbative theory becomes invalid before Asc is reached, 
whereby the problem is circumvented. While this seems a 
very attractive mechanism, it turns out (2l| that it may 
apply only to the version of the HL theory with- 
out projectability condition, a setup that also faces other 
challenges, including the one with a large number (> 60) 
of coupling constants [l^l . The other approach is to pro- 
voke the Vainshtein mechanism [2^, as showed recently 
in the spherical static Q and cosmological [2l[ space- 
times. 

Instability, on the other hand, can appear in both 
of the gravitational and matter sectors. In the grav- 
itational sector, due to the restricted diffeomorphisms 



(|1.4p . a spin-0 graviton appears, which is unstable in the 
Minkowski background [l [H [H, [H [li] (but^table in 
the de Sitter one, as shown explicitly in [2l|,l23]), as far 
as the Sotiriou, Visser and Weinfurtner (SVW) general- 
ization with projectability condition [ill] is concerned ^. 
This is potentially dangerous, and needs to decouple in 
the IR, in order to be consistent with observations. It is 
still an open question whether this is possible or not 0]. 

The instability of matter sector has been mainly found 
for a scalar field in the UV, due to the detailed balance 
condition [2a| . Because of this and the non-existence of 



relativistic limit [27[ , it is generally believed that this con- 
dition should be abandoned However, the detailed 
balance condition has several remarkable features pi| . 
which provoke a great desire to revisit it. In particular, 
it is in the same spirit of the AdS/CFT correspondence 
[28| . where a string theory and gravity defined on one 
space is equivalent to a quantum field theory without 
gravity defined on the conformal boundary of this space, 
which has one or more lower dimension(s). Yet, in the 
non-equilibrium thermodynamics, the counter-part of the 
super potential Wg plays the role of entropy, while the 
term E'^^ the entropic forces [29|. This might shed light 
on the nature of the gravitational forces, as proposed re- 



^ One can include all the possible relevant operators by adding 
/ d^x^(R - 2Aw) to Wg. For detail, see 



^ In the case without projectaility condition, BPS showed that the 
instability can be cured by including terms made of a;, where 
ai = di ln{N) [S^l . However, as mentioned above, this leads to a 
huge number of independent coupling constants. Then, one may 
question the prediction powers of the theory. 
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cently by Verlinde [30|. 

To overcome the above problems, recently Horava and 
Melby-Thompson (HMT) [U extended the foliation- 
preserving-diffcomorphisms DifF(M, F) to include a local 
C/(l) symmetry, 

[/(I) K Diff(A/, J"), (1.14) 

and then showed that, similar to GR, the spin-0 gravi- 
ton is eliminated [3l|, H^]- Thus, the instability of the 
spin-0 gravity is automatically fixed. A remarkable by- 
production of this "non-relativistic general covariant" 
setup is that it forces the coupling constant A to take 
exactly its relativistic value Xm = 1. Since both of the 
ghost and strong coupling problems are precisely due to 
the deviation of A from 1, as shown above, this in turn 
implies that these two problems are also resolved. 

However, it was soon challenged by da Silva [s^, 
who argued that the introduction of the Newtonian pre- 
potential is so strong that actions with A 7^ 1 also has 
the U{\) symmetry. Although the spin-0 graviton is 
eliminated even in the da Silva generalization, as shown 
explicitly in [ssj for de Sitter and anti-de Sitter back- 
grounds, and in [l3] for the Minkowski, the ghost and 
strong coupling problems rise again, since now A can be 
different from one. Indeed, it was shown [l^ that to 
avoid the ghost problem, A must satisfy the same con- 
straints, A > 1 or A < 1/3, as found previously. In 
addition, the coupling becomes strong for a process with 
energy higher than Mpi\ \ — in the flat Friedmann- 
Robertson- Walker (FRW) background, and Mpi\X-l\^/'^ 
in a static weak gravitational field. It must be noted that 
this does not contradict to the fact that the spin-0 gravi- 
ton does not exist even for A 7^ 1. In fact, when one 
counts the degrees of freedom of the gravitational excita- 
tions, one needs to consider free gravitational fields. An- 
other way to count the degrees of the freedom is to study 
the structure of the Hamiltonian constraints ^l|, [s^ . On 
the other hand, to study the ghost and strong coupling 
problems, one needs to consider the cases in which the 
gravitational perturbations are different from zero. This 
can be realized by the presence of matter fields ^ . This 
is exactly what was done in [ijj . 

It should also be noted that the HMT setup (with 
A = 1) and its da Silva generalization (with any A) are ap- 
plicable to the cases with or without detailed balance con- 
dition. As a matter of fact, in [3l|, H^l the authors were 
mainly concerned with the theory with detailed balance 
condition, while in [13) HI] the cases without detailed 
balance condition were studied. 

Assuming that the strong coupling problem can be 
solved in certain ways, in this paper we re-consider the 



stability of a scalar field with detailed balance condition, 
and show explicitly that it can be stabilized in all en- 
ergy scales, including the UV and IR, by softly breaking 
the detailed balance condition. We show this explicitly 
in the da Silva generalization, although it can be easily 
generalized to other versions of the HL theory. It should 
be noted that softly breaking detailed balance condition 
was already considered by Horava in his seminal work 
[l|, and later was studied by many others, mainly in the 
versions without projectability condition in order to find 
static solutions that has relativistic limit [1^ H^. We 
also note that static spacetimes were studied recently in 
the HMT setup (with A = 1) [13, H^. 

The rest of the paper is organized as follows: In Sec. II 
we briefly review the da Silva generalization, and present 
the general action of the gravitational sector by softly 
breaking the detailed balance condition. With such a 
breaking, the number of independent coupling constants 
can be still significantly reduced. In fact, only in the 
gravitational sector, the number is already reduced from 
eleven to seven [cf. Ea. (|2.9l) ]. In Sec. HI we study the 
coupling of gravity with a scalar field, and construct its 
most general action with the same requirement: softly 
breaking detailed balance condition. In Sec. IV, we in- 
vestigate the stability of the scalar field with our new 
action of the scalar field constructed in the last section, 
and show explicitly that it is indeed stabilized in all the 
energy scales. It is remarkable to note, unlike other ver- 
sions of the HL theory fso'], now there exists a master 
equation for the linear perturbations of a scalar field in 
the flat FRW background for any given A. Our main con- 
clusions are presented in Sec. V. There are also three ap- 
pendices, A, B and C. In Appendix A, the field equations 
are given, and in Appendix B, the linear scalar pertur- 
bations of the flat FRW universe are presented for any 
matter flelds, while in Appendix C, the scalar perturba- 
tions for A = 1 and ci ^ 1 are studied. 



II. NON-RELATIVISITC GENERAL 
COVARIANT THEORY WITH ANY A 

In order to limit the spin-0 graviton, HMT introduced 
two new fields, the U{1) gauge field A and the Newtonian 
pre-potential iy9 ^. Under Diff(Af, J^) , these fields transfer 
as, 

5 A = C^^A + fA + JA, 

5^ = .fip + C^^ip, (2.1) 



^ A similar situation also happens in GR, in which gravitational 
scalar perturbations of the FRW universe in general do not van- 
ish, although the only degrees of the freedom of the gravitational 
sector are the spin-2 massless gravitons. 



* Note that the notations used in this paper are slightly dif- 
ferent to those adopted in [31II . In particular, we have = 



®ij*^^> where quantities with super indice "HMT" are the ones 
used in [3111. 
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while under U{1)^ characterized by the generator a, they, 
together with N, iV* and gij , transfer as 

SaA — a — N'^Via, Saifi ~ —a, 
So^m = iVV.a, 5c,g^j=0 = ScN. (2.2) 



For the detail, we refer readers to [IJ, l31|, [3^ . 

As mentioned above, HMT considered only the case 
A = 1. Later, da Silva generalized it to the cases with 
any A (33 1, i n which the total action can be written in 
the form hHI, 



S = J dtSxN^{CK - 



where g — det gij , and 



r 



M) 



2i^y + V.Vjyp , 



(2.3) 



A 

N 



2Aa - R 



Cx = (l-A) (A(^)%2/-i:A(^ 



(2.4) 



where and are functions of gij and their derivatives 
only. When integrated, they become boundary terms and 
can be discarded. 

One can add relevant operators of lower dimensions 
to Cv,detaiied- Although in general this will break the 
detailed balance condition, but such a breaking is soft, 
in the sense that in the UV these lower dimension oper- 
ators become negligible, and only the marginal term of 
Ea. (l2.6p remains, whereby the detailed balance condition 
is restored. Then, including all the relevant terms, the 
most general potential with the detailed balance condi- 
tion softly breaking takes the form (ioj . 

JO-v = C'7o + 7ifi+^(72i?'+73i?yi?''^ 



74 ijk 



. ^^^e«^^^i?,,V,4 + (2.9) 

where the coupling constants 7s (s = 0, 1, 2, . . . 5) are all 
dimensionless, and 75 = w^C^. The relativistic limit in 
the IR requires 



A = l, 71 



-1, 



(2.10) 



where A = = g'^^WiWj, and Ag is a coupling constant. 
The Ricci and Riemann terms all refer to the 3- metric gij , 
and 



(2.5) 



is the matter Lagrangian density, which in general 
is a functional of the metric and gauge fields, Cm = 
Cm{N, Ni, gij, (f, A; x), where x denotes collectively 
the matter fields. 

Cy is an arbitrary Diff(S)-invariant local scalar func- 
tional built out of the spatial metric, its Riemann tensor 
and spatial covariant derivatives. In Horava's original ap- 
proach the detailed balance condition was imposed. 
His basic idea is to assume that the potential can be con- 
structed from a low (in the present case it is three) dimen- 
sional super-potential Wg via the relations of Eqs. (|1.7l) - 
(ITTTU)) . for which 



■'V, detailed 



(2.6) 



The existence of the 74 term explicitly breaks the parity, 
which could have important observational consequences 
on primordial gravitational waves [4T| . The correspond- 
ing field equations are given in Appendix A. 

It should be noted that, even softly breaking the de- 
tailed balance condition, the number of the independent 
coupling constants is still considerably reduced. In fact, 
without detail balance condition, the number is eleven 
11, 32] (when the parity is allowed to be broken), while 
Eq. (|2.9p shows that now only seven of them remain. 



III. COUPLING OF SCALAR FIELD 

To construct the action of a scalar field X; following 
what was done for the gravitational sector in the last 
section, we assume that: (i) the scalar field respects the 
detailed balance condition in the UV; and (ii) it breaks 
the condition only softly. With these in mind, let us first 
consider the action, 



where Cij denotes the Cotton tensor, defined by 



ikl 



Vk R. 



-R5', 



(2.7) 



with e**^' = e^'^'/y^ being the generally covariant an- 
tisymmetric tensor, and e^"^^ = 1. Using the Bianchi 
identities, one can show that 



1 



where, 



dtd^xNy/g 



fSW^ 



\ 6x 



(3.1) 



C„C*^ = IrAR - RiiAWi + RiiVkV'W^ + VuF^ 



1 3 5 
= — i?' RRi i i?*-* 

2 2 

+ (V,i?,fc) (V'W 



, SR^RiR^ - - {S/rY 



(2., 



c^3X(A) X 



-CT2xAx - mx 



(3.2) 
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m and ai {i = 2,3) are coupling constants. The above 
is quite similar to what was presented in [2^, but with 
a fundamental difference: the sign in front of the super- 
potential now is chosen positive, opposite to what was 
adopted in ^26| . The main reason is to make the scalar 
field stable in the UV, while with the "-" sign it was 
already shown that it is not [26]. Of course, after flipping 
the sign, the resulted action might not have the desired 
IR limit dil. In fact, inserting Eq. ((3?2]) into Ea. (|33)) we 
obtain. 



f 



2iV2 

+ J2 PaPa + m^x 



A=2 



(3.3) 



where 



Pa - xA^/'x, fie^al /^s = 2a2a3, 
Pi = al, /33 = -2mc73, P2 = -2mG2. (3.4) 

Clearly, the mass term now has a wrong sign. Thanks to 
the softly breaking condition, this can be fixed by adding 
all the relevant terms into Ea. (l3.3p . After doing so, we 
find that the scalar field can be written in the form, 

5f (7V,7V\g,„x) = / dtd^xN^C^^\ (3.5) 



where 



2iV2 



(x-Af'V,x)'-V, 



V = 



1 



V (x) +[2^^' ) ^^^> + ^1 

+^3 (x) Pf + Vi (x) P2 + V5 (x) (Vx)'7'2 
+VePiP2, (3.6) 



with y(x) and V^(x) being arbitrary functions of x, and 



A"x, Ve 



(3.7) 



It should be noted that the A-dependent factor (3 A — 1) 
adopted in [2^ is replaced by a function, /(A), which, 
subjected to some physical restrictions, is otherwise ar- 
bitrary. Those constraints include that the scalar field 
must be ghost-free in all the energy scales. By properly 
choosing it, we also assume that the speed of the scalar 
field should be reduced to the relativistic one at the IR 
fixed point. 

From Eas. (|3.5p - (|3.7I) one can see that the scalar field 
couples directly only to the metric components, N, A^* 
and gij . To have it also coupled with the gauge fields A 
and (p, we borrow the recipe of |3^ by the repalcement, 

S(f(^N,N\g,„x) ^ S^(^N,N\g,„A,ip; x) , (3.8) 



where 



S^ = S^,A{x,A) + Sl^^(^N,{N^ + NV'^),g,,,x), (3.9) 



and 



S^^A = / dtd^xy^ ci(x)Ax + C2(x)(V^x)(V.x) 



X (A-A), 



A=-ip + N'V.ip + -N{V,ip) (V V) ■ 



(3.10) 



Therefore, the total action of the scalar field in the HMT 
setup can be finally written in the form. 



dtd^xN^C^^ 



(3.11) 



where 



ciAx + C2(Vx)' 



A^A 



N 
f_ 
N 
/ 
2 



(x-A^^V.x) (vV)(Vfcx) 



(vV)(Vfcx) 



(3.12) 



with being given by Eq. (|3.6p . 

Variation of Sy, with respect to x yields the generalized 
Klein-Gordon equation. 



/ iV9 



Ar2 



{A^A)cJ -2(A-^)c2Vjxi 



^ ^UAx + c',{Wx)' 



N 

+ V* [(1 + 2^1+ 21^5^2) V,x 
-Vx-A(Vi)-A2 (V2), 
where c[ = dci(x)/rfXj etc, and 
dV 



(3.13) 



dx 



= V' + V{{\/xf + viPl + viPl 

+ ViP2 + Vi{VxfP2- (3.14) 



IV. STABILITY OF SCALAR FIELD 

In this section, we consider the problem of stability of 
the scalar field in a flat FRW background. 



TV = 0(77), iVj = 0, 3^^ =0^(77)4 



(4.1) 
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Since in this paper we are working with the conformal 
time 77, we use symbols with hats to denote the quantities 
of background, in order to distinguish from the ones used 
in the coordinates {t, x^) p^[l3.l3^. where t denotes the 
cosmic time. The relations between the two difference 
coordinate systems are given explicitly in HI] . 

The flat FRW universe and its linear perturbations 
with any matter fields are presented in Appendix B. In 
this section, as well as in the next, we shall apply those 
formulas to the case where the only source is a scalar 
field, constructed in the last section. 

In particular, without loss of generality, we assume 
that A — A{'q), (p = (pij]). However, using the C/(l) 
gauge freedom of Eq. (|2.2|) . we can always set one of them 
zero. In this paper, we choose the gauge 



where 



= 0. 



(4.2) 



Thus, to zero-order, from Ea. (|XT7)) - (|X22l) we find 
that 



J* 

J* 



= 0, Jip — J A = 0, 



(4.3) 



1 V' 



167rG y2 



1 V" 

-77- (4-8) 



SttG V 



However, because of the presence of high-order spatial 
derivatives here, the perturbations are expected to be 
dramatically different, as shown below. 

The linear scalar perturbations are given by 

A = A + 6A, ip^ip + S(p. (4.9) 
Using the U{1) gauge freedom (|B.9|) . we can further set, 
6ip = 0. (4.10) 
In addition, we also adopt the quasi-longitudinal gauge 



= = E. 



(4.11) 



With the above gauge choice, it can be shown that the 
gauge freedom is completely fixed. Then, the linear per- 
turbations for any matter fields are given in Appendix B. 
When the scalar field is the only source of the spacetime, 
to first-order, Eq. (|Al7l) - (Al% yield 



where a prime denotes the ordinary derivative with re- 
spect to its indicated argument, for example, x' = 
dx/dr], V' = dV/dx, etc. Hence, the generalized Fried- 
mann equation (IB. 31) and the conservation law of energy 
(IB.7|) become, respectively. 



SttG 



2a2 



+ V{x) 



X" + 2Hx' + a^V'(x) = 0, 



where 



G = 



2/G 

3A- r 



V = 



V 

1' 



(4.4) 
(4.5) 

(4.6) 



It should be noted that in writing Eqs. (|4.4p and (14.51) . we 
had set A = 0, where A = 7oC^/2. From Eqs. (IB.4l) and 



B.5|) . on the other hand, we also obtain A„ = 0. Note 



that Eq. (|4.5p can be obtained from the generalized Klein- 
Gordon equation (|3.13p . In addition, the gauge field A 
is not determined. One may set A = Q. However, in this 
paper we shall leave this possibility open. 

It is remarkable that Eqs. (l4.4p and (|4.5|) are the same 
as those given in GR, after replacing {G,V) by (G, F). 
Thus, all the results obtained there are equally applica- 
ble to the present case, as far as only the background 
is concerned. These include the slow-roll conditions for 
inflation 1431, 



ey, \vv\ < 1, 



(4.7) 



sr = 

SJa = 

SJm — 



^x'Sx' + 

^x'd'Sx, 
a-' 

2 

a 



v 



■^cid'^Sx, 



fx'{Sx' -x'i^) -cL^{v'Sx~2Vij 



acid^Sx 



^x'd'Sx. 



(4.12) 



Then, Eas. ((RT4| and (IRT6| - ((BT9)) reduce, respec- 
tively, to 



(3A - 1)V' + (A - l)d^B = SirfGx'Sx, 
- (A - l)a2(3V/ + d'^B) 

= SttG 

ip — AttGciSx, 



i)" + 2n^' -f - 



c[-fx'+Hci)dHx + cid^Sx' 
A- 1 



3A- 1 



d^B' + 2HB) 



SttG 
" 3A 

B' + 2nB 



^{fx'Sx'-a'V'Sx), 



a_A^S:^A^SA_ 
a 4^a^ I a 



(4.13) 

(4.14) 
(4.15) 

(4.16) 
(4.17) 



It can be shown that Eq. (|4.14[) is not independent, and 
can be derived from the rest. 
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On the other hand, the Hamiltonian constraint 
Eas. (|B.13l) and the conservation law of energy (|B.2ip be- 
come, 



- ^(3A - i)-H(3v/ + a^s) 



= AttG / dx 



, (4.18) 



d'xl^fa'[x"Sx' + x'Sx" - mx'Sx' - s^V-') 

+ {Vl + mVi)d'^5x - (acii - Vid'^)d'^5x' 

a^x'V" - a{x'c[ + 3nci)Ad^] Sx \ ^ 0- (4.19) 



The conservation law of momentum (|B.22p is satisfied 
identically, and the Klein-Gordon equation (I3.13P takes 
the form. 



/ Sx" + 2Hdx' - x'(3^' + d^B)\ + a^V'Sx 

a{l + 2Vi) + 2A{c[ ~ C2)] d^Sx 

(4.20) 



a a 



^{V, + Vl)d'Sx + ^d'Sx. 



To further study it, it is found convenient to consider the 
cases A = 1 and A 7^ 1 separately. 



A. A / 1 



When A 7^ 1 , substituting Eqs.glSl), (jil^ and (|4Tfl) 
into Eq. ()4.20p . we find that in the moment space it can 
be cast in the form. 



oJk Ufc = 



where 5x = u/a, and 

2 a" 40203 + 2aia'^ — af — 2a3a[ 



(4.21) 



a 



4ai 



02 



2H + 




- 1 


2CT|fc6 


2fc4 


V2 + 








+ T- 
fa 


a( 


l + 2Vi)~. 


SttG 
A- 1 


cix" 


+ if- 



2872 + 373 

3A- 1 



2/ 



cic'ix' 



03 = 1 + AttGcI 



h 2ciHx' 

3A- 1 
7(A^' 



f ' 



(4.22) 



It is remarkable that, in contrast to other version of the 
HL theory [39], now a master equation exists. In the UV 
(fc :$> Ti), we have wf. ~ 2cr|fc^/(/a'*) > 0, and the scalar 
field is indeed stabilized. In the IR (fc ^ Ti), the last term 
in the expression of 02 dominates. Since V" — 2m^ > 0, 
where m^^ denotes the mass of the scalar field, one can 
see that it is stable also in the IR. 

In particular, in the extreme slow-roll (de Sitter) limit, 
we take x' — ^'(x) — ^^^d a ~ —l/{Hrj), where H = 
[87rGT>(xo)/3]^/^ Then, Eg. (14:221) reduces to. 



1 j 2cr|A:6 2fc4 



fa 



a(l + 2Vi)~ A{c[ - C2) - AnGciia - A) 



f 



(X -0), 



(4.23) 



which clearly shows that the scalar field is stable in all the 
energy scalar, by properly choosing the potential terms 
V,,. 



X = 1 



In this case, if ci = 0, Eqs. (|4.13l) and (I4.15P imply x' = 
— ip, that is, to zero- order the scalar field must take 
its vacuum expectation value, x = XO; where V'{xo) = 0, 
and the corresponding background is necessarily de Sitter. 
Then, Eas. l|iT7|) reads. 



SA = -(a'^B) 
a 



(4.24) 



The Klein-Gordon equation (14.201) can be also written in 
the form of Eq. (|4.2ip , but now with 



-I 



V" 



(1 + 2Vi) + 2c2HAf] 



2^2 



2H^T] 



f 



{V2 + VI) + alH^ife k\ (4.25) 



Again, since V" = 2to^ > 0, the above show that the 
scalar field is stable in the IR, by properly choosing the 
potential term Vi. In the UV, the dominates, and is 
strictly positive, so it is also stable in this regime. In fact, 
by properly choosing the potentials V2 and Vi, it can be 
made stable in all the energy scales. 

It is interesting to note that in this case, similar to the 
background, the gauge field A is not determined by the 
field equations. 

When ci 7^ 0, one can find explicit solutions for 
Sx, "0, B and 6A, and are given in Appendix C, which 
seem not physically much interesting. So, we shall not 
consider them further. 
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CONCLUSIONS 



Appendix A: The field Equations 



In this paper, we have studied the stabihty of a scalar 
field in the case where the detailed balance condition is 
softly broken. This is done in the da Silva generalization 
[13 of the HMT setup 

In Sec. Ill, we have first constructed the most general 
action of a scalar field with softly breaking the detailed 
balance condition, while in Sec. IV, we have studied its 
stability and shown explicitly that the scalar field be- 
comes stable in all the energy scales, including the UV 
and IR. It is remarkable to note that, unlike other ver- 
sions of the HL theory [39], there exists a master equa- 
tion for the linear perturbations of a scalar field in the 
flat FRW universe in this setup. 

It should be also noted that our conclusions do not 
contradict to the ones obtained earlier by Calcagni [2^, 
H^l , who showed that a scalar field is not stable in the UV 
when the detailed balance condition is imposed. This is 
mainly due to two facts: First, we have chosen a different 
sign in the front of the super-potential of the scalar field 
[cf. (|3.ip ]. This helps to improve the UV stability of the 
scalar field, but usually leads to undesired behavior in the 
IR 42]. To fix the latter, we allow the detailed balance 
condition to be softly broken, so that the behavior of the 
scalar field in the IR is healthy. Such a breaking is also 
desired by other considerations [l^, [s^ [36| , including the 
solar system tests. In addition, it still provides a very 
effective mechanism to reduce significantly the number 
of independent coupling constants of the marginal terms. 
For example, in the gravitational sector, this condition 
reduces the number from five (54, gs, as given in 
pll fl^ l to one, denoted by 75 in Ea. (|2.9p . Moreover, 
it may also shed light on the nature of the gravitational 
forces [iS[2i,|3i. 



In addition, our conclusions regarding to the stability 
of a scalar field can be easily generalized to other versions 
of the HL theory 0,i,[ll, including the SVW setup [ll|- 

Finally, we note that there does not exist the ghost 
problem for the scalar field X: provided that /(A) > 0. 
This can be seen from Eas. p.6p . p. lip and p.l2p . where 
the kinetic part (in the gauge ip = 0) reads 



fiK) ^ _J_ 

^ 2iV2 



2a2 



-Sx'Y 



to the first-order approximations. Clearly, it is always 
positive for / > 0. 
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Variation of the total action (|2.3p with respect to N{t) 
yields the Hamiltonian constraint. 



d^xV^ £k+Cv- fG^'^^jV - (1 - ^) i^fY 



8ttG J <fx^j\ (A.l) 



where 



._J{NCm) 



r = 2- 



5N 



(A.2) 



Variation with respect to N'^ yields the super-momentum 
constraint. 



STrGJi, (A.3) 



where the super-momentum iTij and matter current Ji 
are defined as 



J^ = -N 



Kij + XKgij, 
SCm 



(A.4) 



Similarly, variations of the action with respect to (f and 
A yield. 



G'^ (k,j + V^Vj (p) + (1 - A) A(if + 



SttGJ, 



i? - 2A„ = SttGJa, 



where 



SCm , _J{NCm) 



(A.5) 
(A.6) 



(A.7) 



5ip ' 5 A 

On the other hand, the dynamical equations now read 

1 f 



^ tt'^ - ipG''-' - (1 - A).g'^ A(/3 



N 



2(1 -A) (i^ + A(p)V'V^¥' + ii:*^'A^ 



+ (1-A) 



2 ( + + Ca + C.\ 



+ + f;^' + F'i + sttGt'^ , (A 

where {K^Y' = K'^Kf, = {f,, + f,,) /2, and 
_ 2 Sjy^LM) 



V9 



(A.9) 
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The quantities F^, J^'-', F^^ and F^ are defined as, 



with Hs ^ (2, 0, -2, -2, -2, -4) and 



(A.IO) 



— V^V„g(i,„i?j)fe — Rni^i^ nRj)k 

+g^JV^VfcV„i^J„ I, (A.ll) 



-^(^7)., + (^^8).,, (A.12) 



where {Fg)^^ are given in 
The F^ 's are given by 



2(2if^ + V^Vfc(^)i?''= 
2(2x1 + W'WkV^)R^'' 



p^3 



2Ag - i?j (^2X*^ + V'VV 

>v..{.,..-(2^.vv) 

/2N 
(^^'^ ( 



/OJ\ji 



'27V* 



AT 



i|2VfeV(7^^'-A/;^' 



-2{2Kl + Wk<P^R' 



2Ag - i? 2A:'J + V'V^V' 



+ VV 





















^kmn _ 







i|2v,v(7^)'=-A/;^" 



(A.13) 



where 



I (2A:*^ + V'VV) - \ (sat + A(p 



(A.14) 



The matter, on the other hand, satisfies the conserva- 
tion laws. 



-2ipJ,^ — 



A 



iVgJA) 



N^g 

-^Vfcj'^' + J^V,(^~ ^V,^ = 0. (A.I6) 



0, (A.15) 



When the scalar field defined by Eas. (|3ll|) and (|3TT2l) 
is the only source, we find that 



J* 



f 



(x-A^'Vfcx)' + V 



\2N^ 

ciAx + C2(Vx)'l(V^)' 



+/ 
I 

N 



(vV)(Vfcx) 

ciAx + C2(Vx)']vV, 
^|vff[ciAx + C2(Vx) 



(A.17) 



(A.18) 
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ciAx + C2(Vx)' 

X (iV* + ivvv) 



ciAx + C2(Vx)' 



(A.19) 

(A.20) 
(A.21) 



'^J - '13 ^ _ 

where [s^ 

r(°) = .9,,{4")+V4(Vi + AV,2)v'=X + V2V'=Ax]} 

+ (1 + 21^1 + 2^57^2) (V,x) (V,X) 
-2(V(,Vi)(V,)x) - 2(V(,AV2)(V,)x) 
-2(V(,V2)(V,)Ax), 

= .9,-{4^-)-lv.h(A-^)V'=x]} 
2(^-A) 



ciV,V,x + C2(V,x) (VjX) 
ciAx + C2(Vx)'] (V.(^) (Vj<^) 

X - (A^' + A^VV) (Vfex)] (V(,x) (V,)^) 



2/ 

TV 

--V( 



ci(A-^)Vj)X 



(A.22) 



and 



dV 

V.i = _ = 2F2T'i+3y3n2„^2p^^ 
O H\ 

V2 = |^ = ^4 + T4(Vx)2-a327'i. 



(A.23) 



where Ti, = a'/a, A = C^7o/2, and a' = da/drj. Hence, 



Lk - 3(1 -3A)—, 4 = = £;„ 



£^ = £^ = 2A. 



(B.2) 



It can be shown that the super-momentum constraint 
(|A.3p is satisfied identically for J* = 0, while the Hamil- 
tonian constraint (jA.ip yields, 



A 



(B.3) 



where J* = -2p. On the other hand, Egs. ljA.Sp and (|A.6p 
give, respectively. 



A„ = -47rGJA, 



(B.4) 
(B.5) 



while the dynamical equation (|A.8I) reduces to 



lA-i 
3 2a 



A - — Agi,(B.i 



where f^j =pgij. 

The conservation law of momentum (IA.16P is satisfied 
identically, while the one of energy (jA.lsp reads, 

p' + 3'H{p + p)^ Aj^, (B.7) 

which can be also obtained from Eqs. (IB.3p and (IB. 61) . 



B. Linear perturbations 



Appendix B: Cosmological Scalar Perturbations 

In this Appendix, we first give a brief review of the 
fiat FRW background, and then turn to consider scalar 
perturbations. To have our results as much applicable as 
possible, in the following we do not restrict ourselves to 
any specific matter fields. 



A. Flat FRW Universe 

The homogeneous and isotropic flat FRW universe in 
terms of the conformal time 77 is given by Eq. (I4.ip . The 
U{1) gauge freedom of Ea. (|2.2p always allows us to set 
ip = 0. Then, we find 

F'^ = F'J =Q, F'^=-^5'\ (B.l) 



The linear scalar perturbations are given by Eq. (j4.9p . 
Under the gauge transformations (|1.4p , the perturbations 
transform as 

B = B + e-i', E^E^^, 
S'lp ^ Sip-S,^^', SA = SA-^°A' -^^'A, (B.8) 

where / = — C* = ^ = a'/a, and a prime 

denotes the ordinary derivative with respect to 77. Under 
the U{1) gauge transformations, on the other hand, we 
find that 



= E^E, i^^i^, B = B--, 

a 

dip = S~ip + e, M = (5A-e', (B.9) 

where e = —a. Then, the gauge transformations of the 
whole group f/(l) k Diff(M, T) will be the linear com- 
bination of the above two. Out of the six unknown, one 
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can construct three gauge-invariant quantities, 
1 , 



* = v 



a — Lp' 
1 

n 



[acr 



T = SA 



-W){aa-6^), 
-(acr-Sip), 

a ~ ip' 



,(B.10) 



where a = E' — B. For the background, we have chosen 
the gauge ()4.2p . for which Eq. (|B.10[) reduces to 



(acr — 6tf)\ 



n 



— lp (S(p — aa) 

a ^ ' 



T = SA 



A 



S(p (acr — S(pj 



Then, with the gauge choice. 



, (^ = 0).(B.ll) 



(B.12) 



to first-order it can be shown that the Hamiltonian and 
momentum constraints become, respectively, 

J d^x\^^^^|J - i(3A - l)n{3tP' + d^B) 

- AnGa^Sfij = 0, (B.13) 
(3A - 1)V'' + (A - 1)9^B = 87rGag, (B.14) 



where 



2 a^ 



(B.15) 



On the other hand, the hnearized equations (jA.5[) and 
(|A.6P reduce, respectively, to 



2H(9V+ Aga^ + {1- X)d^ (3^p' + ^^B'^ 



= 2TrGa^SJA. 



(B.16) 
(B.17) 



The hnearized dynamical equations can be divided into 
the trace and traceless parts. The trace part reads, 

V'" + 2Hij' + ld^(B' + 2Hb) ^ — ^< SwGaHV 
o V / oA — 1 



a- A ^ 8j2 + 373 g2 



A,a2 + V M , 



9V 



(B.18) 



while the traceless part is given by 



B' + 2nB 



a — A 872 + 87: 



-I- 



3^2 



1 



- -SA = -87rGa^n, 



(B.19) 



where 



{SV + 2p^l;)S'^ +U^<'^' 



jj,<u> 



3 



(B.20) 



The conservation laws (IA.15|) and (|A.16[) to first order 
are given by, 

J (fxi^Sfi' + 5nSfi-3{p + p)'ip' + 3n5V 



1 

'2a 



SAJa^}' - A{SJ'a + S-HSJa) 
= 0, 

2, 



2aJ^M 



(B.21) 



1 



q' + 3Hq+ ^JASA^alSV + ^d^Il\, (B.22) 



where J a is given by Eq. (|B.5p . 

This completes the general description of linear scalar 
perturbations in the flat FRW background in the frame- 
work of the HMT setup with detailed balance condition 
softly breaking and any given A, generalized recently by 
da Silva [H. 



Appendix C: Linear Perturbations for A = 1 and 

ci /O 



When A = 1 and ci ^ 0, Eqs.(|lII31) and (liT^ yields, 

ciSx'+{c[-fx')Sx^O, (C.l) 
which has the solution, 



Sx = —exp Sxoir]) + Sxi{x) 

Cl 



(C.2) 



where Sxoiv) ~ f I ix' /ci)dr], and Sxi{x) is an arbitrary 
function of only. Inserting the above solution into 
Eqs.gTS]), and (HTT]) . one finds. 



ip = AnGexp Sxoiv) + ^^Xiix) 



Bk = 
SAk = 



a^ 
a 

Cl 



e^^^dri + 7^ ix' 



{fx'Bk + PSx) , 



(C.3) 
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where Tl{x) is another arbitrary function of only, and 
P 



^(2cf + f~3fc[~c,c'l) 



X" + 2Hx' 



Cl 



(/ 



12TTG,fx 



12 



a(l + 2Fi) + 2i (c'l -C2) 
2 



2l4 



Q 



Cl 



47rGcf a 



(C.4) 
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